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This paper deals with a three-dimensional stress analysis of adhesive butt joints of similar solid
cylinders subjected to external tensile loads. Similar adherends and an adhesive bond are replaced
with finite solid cylinders in the analysis. Stress distributions on adhesive joints are analyzed strictly by
using the three-dimensional theory of elasticity. The effects of stiffness, thickness and Poisson’s ratio
of the adhesive bonds and of external load distribution on the normal and the shear stress
distributions are shown by numerical calculations. In addition, the analytical result is compared with
the result obtained by F.E.M. It is seen that they are in fairly good agreement.

KEY WORDS Elasticity; stress analysis; adhesion; butt joint; solid cylinder; tensile load.

1 INTRODUCTION

Adhesive joints have been used in mechanical structures with the development of
adhesion. However, the design of the adhesive joints results almost entirely from
experience. It is hoped that this paper will make data available for design and will
establish an optimal design method. In establishing the design method for
adhesive joints, it is necessary to know the stress distributions in joints more
precisely. Up to now, many investigations'~” have been carried out on lap, scarf
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and butt adhesive joints subjected to tensile, bending moment and shear loads.
But few investigations®® have been done on a butt joint in which two similar
cylinders are joined by an adhesive.

This paper deals with a stress analysis of adhesive butt joints, in which two
similar solid cylinders are joined by an adhesive and subjected to external tensile
loads. Replacing similar adherends and the adhesive with finite solid cylinders,
respectively, the stress distributions are analyzed strictly as a three-body contact
problem by using the three-dimensional theory of elasticity. The effects of the
ratio of Young’s modulus and Poisson’s ratio of the adherends to that of the
adhesive, the distribution of external tensile loads and the thickness of the
adhesives are clarified by numerical calculations. In addition, the analytical result
is compared with the result obtained by F.E.M.®

2 THEORETICAL ANALYSIS

Figure 1 shows an adhesive butt joint, in which two similar finite solid cylinders
are joined, subjected to an external axisymmetric tensile load. Taking into
consideration the symmetry of the r-axis in the adhesive, the adherends are
replaced with a finite solid cylinder {I] and the adhesive with a finite solid cylinder
[1I). The diameter of cylinder [I] is designated by 24, the height by 2h,, Young’s
modulus by E, and Poisson’s ratio by v,. The same parameters for cylinder [I1I}
are designated by 2a, 2h,, E, and v,, respectively. It is assumed that an external
tensile load F(r) acts on the ends of cylinder [I] within the region r<c
axisymmetrically with respect to the z;-axis. Developing the load distribution F(r)
into series of Bessel functions, the boundary conditions are expressed as follows:
(i) on the cylinder [I) (adherends)

r=a:ot=1,=0

-]
— el = —
Zl"‘hl-az_F(r)—aO"'za:JO(Ysr) 1)
s=1
7.,=0
21,22 F(r)
rﬂ—1 Adnerend
L By
£ n
,‘ 101 ~ r
= —
Adnesive —— 1.
B2 MWt r
2 £
1] i .
B 01
= T aerend
U\LJ_U) Exn 1
o F(r)

FIGURE 1 An adhesive butt joint subjected to an external tensile load.
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FIGURE 2 A model for analysis and dimensions. (a) finite solid cylinder [I] (adherend) (b) finite
solid cylinder [II] (adhesive).

(ii) on the cylinder [II] (adhesive)
r=a:ol'=1=0 )
(iii) at the interface
(ai)z|=—h1 = (ag)zz=h2
(rir)z|=—h| = (rg)zz=hz
(ul)21=—"1 = (u")zz=hz (3)

5),..- ()
or n=-h or n=h;

where the displacement in the r-direction is denoted by u and the displacement in
the z-direction by w, and

2 a
a0=;f F(ryrdr

a,= _Z-IT—;I F(ryrl(y,r)dr (s=1,2,3,...)

Since the different coordinates 0, and 0, are fixed in the analysis, the boundary

condition
&) -(%)
a" z=—-Mm - a" z=h,

in Eq. (2) is used. In the analysis of the finite solid cylinders under the boundary
conditions, Egs. (1)-(3), Michell’s stress function ® is used. Using the stress
function @, the stresses and displacements are given as follows':
3( ., &b
o, (‘VV P - —)
or?
1 ad))

Vi — - —
v r or

=
3z {( —V)VZQ)—&z_z(p} @
—E (l—v)Vzd)-aqu)}

_ 1+v

“ZTTE oroz .
14 2D 15
v{(l—z )V2¢+_+_a_¢’}
r

a
06=—

Z

w=
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where

& 18, i)
art ror 3z%)
and E is Young’s modulus and v is Poisson’s ratio.

Michell’s stress function @', which is selected from solutions for the method of
separation of variables, is put as ®} + ®} + ®} + @} for cylinder (I] and ®" as
@}' + @f' for cylinder [II]. The stress functions @], ®;, @3, @i, ®1' and @3’ are
CxprCSSCd by Eqs (6) (11) where AO, CO’ A}n C.ir A}n Ci: AO: CO; A}n C}-» A{.,
Ct AN, G AL c AN €Y A", and C" (n,s=1,2,3,...) are unknown
coeﬂicnents determined from thc boundary conditions.

I(A(I)! C‘(l), A}n C: a, hlr ﬁ:n Ys» A’}n Q.{: LATRE) Zl)

23 zrr & Al
=Al 1+C5"l—+2ﬂnA1

V2V =0 <V2 =

6
x[{2(1 = v)h + ﬂ}.alw}lm - ﬂfurllallr]Sin(ﬂinzl)

oo C:
+ 2 il = (2vish(r) + vk ch(y.h,))
s=1 596y

X sh(ysz1) + Y521 sh(vshi)eh(vsz)) Vo(,r) (6)
(D%: (I)Z(ZI éL a, hl: }l’) Ys, Z}n fz.:’ Vlr r, 21)

> 27 [(201 - vl + Blali)

— Z ﬁl —
X IOr - ﬁfl rIlaIlr]cos(ﬁn zl)

‘l

391 [ {2V1 Ch(Yshl) + Y.\'hl Sh(Yshl)}

X Ch(Yszl) + Y2 Ch(Y:hl)Sh(Yle)]“IO(Yxr) (7)
q)é = ¢3(A}h C(l)’ Arln C.{" a, hl’ ﬁfl” Ys» A:u QE, v, 1, zl)
3 @ Al
z,r A
=Al—+C}
2 2 n=1/Mn AI
X [{2(1 — vl + Bralo} o, — Bhrliad Jsin(Bl z,)

2

o C:
+ 2 g (= 2v)eh(rh) = voha shivch)

X sh(y,21) + ¥:21 ch(¥:h1)ch(vez1) Mo(v27) ®)
(Dl = QQ(A C.N a, hl: in Ys’ A}n Q:’ 'V], r, Zl)

o

== [A[ [{2(1 Vl)Ila + BIaIOa}IOa BI rIlaIIr]cos(ﬂnzl)
n=1 n

2|

G
+ 21 & [{(1 = 2v1)sh(¥sh1) = vshy ch(vshy)}

X ch(y;z1) + v,z sh(y;h)sh(v.z) Vo(ysr) &)
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q)lll = I(Au -" ALl» C}'l) a, h2) Ll, Y:r ALI, Q.E'lr V21 r, 22) (10)
(I)" (D3(A A!llr C.!l’ a, hZ: Bn H Ysr ALI; Qll: Vo, I, 22) (11)

where J,(r) is the first kind of Bessel function of order u, I,(r) is the first kind of
modified Bessel function of order u and A, is the positive root satisfying the
equation J,(4,) =0, and I,(B,a) is abbreviated as I,,, 1.(B.r) as I,,, 1,(B,a) as
1., L(B,r) as 1, and smh is abbreviated as sh and cosh as ch.

nu

. 2n — .
Bo=Buh) =5, BB =TT BB, B = itk

vo=Ada, Q=Qu(vh) =sh(yh)ch(yshi) + by
= Q;(Y_vhl) - Sh(Ysh )Ch(Y: l) - Y.\'hl’ Qg = Q:x Q:- = Qi
QU= 0,(v.h), Q=
A, =A.(Bra, vi) = [{2(0 = vi) + (Bna)*} 3, — (Bra) i)/ Bra
Al = A, (BLa, v,), AL=Al Al=A!
Al =A.(Bla, v2), Al=A.(Ba, vo)
Substituting Eqgs. (6)—(11) into Eqs. (4) and (5), the stresses and displacements
are obtained. Conforming the obtained stresses and displacements to the
boundary conditions (1)-(3), the following equations (12) and (13) among the
unknown coefficients are obtained.
I‘i(l)(l —v)+ C!>2(2 — Vi) = ao, A:)V + C(l)(zvl -1)=0,
A1 =v))+ CR(2—v,) =0
)n+1 o~ 'IJO(Ysa)
+ ), Ci——
Ihl s; vshy
A(l)](l - V2) + C 2(2 - V2) - ao, () Vz + Cg(ZVZ - 1) = 0,
(1_V2)+C 2(2_V2) 0
CIY7, S ety
s=1 YshZ

A0V1+C0(2V1"1)+ z AI (__ =0

Allv, + Cl2v-1)+ }_j All (12)

s=1 s=1
glA'nS"M. + 2_)1 =0, AL+ 21 ClQL,,=0
ANy S oeugnog, S AN 1S Eun —o,
s=1 n=1 s=1

INZL
2
o]
i
+
+...
M
2
P
i
|
Ql
|
M
N
=
o
o

n=1 n=1 n=1
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M
LS
K
X
a.—(
+
AR
|
\ZL]
}ll
o
=
=
|
AR
+
Ms
>,

IRII + CII= 0

n=1 n=1 n=1 .

AfL - CF+ 3 DAL+ CF - C 4 6Lt

n=1

- 3 AUAY+ CURY - CUTY =D,

n=1

ClOt-Cl0' - Y AP+ C'Wi+ S ALPL — C'W!+ chgm
n=1

— > AP + C'Wi =0 (13)
n=1

where

A1 — AN — 4(—1)"yhy(n)*Jo(v,@)sh(y:h1)
an - Q.m(hll QS) - Q!{(Yshl)z + (nn)Z}Z ’
O = (—1)"_+’y,h1(2n — 1)’ n%Jo(y,a)ch®(y,h1)
” Q[(vsh1)* + {(2n - 1)7/2)°F
=1 _ A1) ()l vsa)shi(vh) Ay -
sn= QH(v.h ) + (nm)?)? , sn = Qsnlha, Q)
Som = Sam(Br, Bw) = (=1)"*"*Y{1/(B}, + B1.) + 1/(BY — Br)},
Son=Sum(BY, Bm)

T.Em = T;m(hlr Em Q.{‘) =

2(=1)"yJo(¥,a) v: + 3B
—QI—(YZ—;TBT){ sy +72—:‘fz"5h(Ysh1)Ch(Ysh1)}

—1\yn+132Q1 .72
Tl = Tonllz, Bl ), Rhy= R (Bl Al) =g L ebndle

AL{(Bra)* + A2YJo(v.a)

~ . = 5 ' ql X A=1)"A(Bra)’li
RLS=RM L,Afly R:.::Rru }l}A:l == ’
(Bn, &) (B, &2) AL{(Bra)* + A2)*Jo(va)

Ri.=R. (Bl AY), RL=R.(BY,AY), Ri=R.(BY, AN

i i 4(-1)y, 2 g
AL =H,(B. AL, Gy, vi) == "y (1— +—"—)
(B B G V1) = RT BTy a)r2 + BOGN Vi1 )

ﬁ}k‘.:Hm(ﬁ};; Z}n Glr Yl)
I'-I},f, =Hns( fll) AEII’ G2) VZ)’

_ - 1
Ffv = Er(hl’ Q:'r Glr Vl) = A1 {(1 - ZVI)Sh(Y,hl)Ch(Y,hl) - Yshl}
YstGI

ﬁi = F;(hly QL Gl) vl) = {(1 - 2V1)Sh(‘y_‘.h1)Ch(‘)’sh1) + Yshl}!

1
YSQ.{'G!
F:'l = F;(hZI Q?’ GZ) VZ)
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2(1— vi)ch’(yh,)

2(1— VI)ShZ(Yshl) ju = 2(1— V2)Ch2(Ysh2)

n= 2 Ji= = =

: Y:Q:GI 7 YngGll T YszGz
_ _E_(EEJ LG G C_">

* YJo(v:a)\G, G, G, G, ’

Ul - 2(1 - Vl)Shz(Yshl) 171 - 2(1 — Vglﬁlz()’:hl)
y Q!G, o QlG,

_ 2(1 - h? h - -

Uil = ( VZ)S (Y 2) W:' = Ys X Er(hlt Q}» Gl’ Vl)r

Q'G, ’
W!‘: Yx X F.;(hll Q.lw Gl! Vl)
WP =Ys X E\'(hb Q:‘I’ GZ’ VZ)’
4(_1)'1),:1;% :2

Al 2, Q" (Vl —1+— 1'2)
_ _ AnaJO(Y:a)(Ys + ﬂn )Gl Vs + Bn

P}u= ’U(B:ﬂ AEI’ Gl, Vl)! P2,= Pn:(ﬁ::l'r ALlr GZ: VZ)’

G1=E1/2(1+V1), GZ=E2/2(1+V2)
Putting the number of terms as N in numerical computations and solving 12N
simultaneous equations of Eq. (13), the unknown coefficients AL G A
and C! are determined. In addition, the unknown coefficients A§, Ci, . .., Al

and CY are determined from Eq. (12). Using the above determined coefficients,
the stresses and displacements are obtained.

[3;‘: -n:(ﬂft'r A:n Gl! V1) =

3 RESULTS AND DISCUSSION

In the present analysis, the stress singularity at the edge of the interfaces is not
taken into consideration. Hence, computations were done varying the number N
of terms as 100 and 120 in order to examine the effect of the number N on the
stress distributions at the interfaces. As a result, it was seen that the difference
between both results was less than 3%. Hereafter, computations were done
setting the number N of terms as 100. Figure 3 shows the effect of the ratio E,/E,
of Young’s modulus of the adherends to that of the adhesive on the stress
distributions at the interface (z, = h,), where the values E,/E, were varied as 1,
3, 40, 60 and infinity. In the case where the value E,/E, was infinity, that is the
adherends were assumed rigid, the analysis was done under the following
boundary conditions.

r=a:o'=11=0
aw!

=+h,:u"=0, —=0 14
ZZ 2:U or (14)

f 27r(ot), o, dr = f 2nrF(r)dr
0 0

In numerical calculations, a tensile load F(r) was assumed to act uniformly within
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FIGURE 3 Effect of the ratio of Young’s modulus on stress distribution at the interface (z, = h,,
hy/h, =10, hyfa=0.2, v,/v,=1.0, F(r) is constant within the region r £a.)
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FIGURE 4 Effect of the ratio of Poisson’s ratio on stress distribution at the interface (z,=h,,
h,/h, =10, h,/a=0.2, E|/E, =40, F(r) is constant within the region r <a.)
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FIGURE 5 Effect of the thickness of adhesive on stress distribution (z,=h,, h,/a=0.2,
E,/E, =40, v,/v,= 1.0, F(r) is constant within the region r =a.)
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FIGURE 7 Comparison of analytical results with results obtained by F.E.M.* (h,/h,=10,
h,Ja=1.0, E,/E,=91.0, v,/v,=0.91, F(r) is constant within the region r =a.)

the region r =a on the upper surface of adherend (z, = h;). In this figure, o,,,
represents the mean normal stress. The ordinate represents the ratios o,/0,,,
0,/ 0, of the normal stresses to the mean normal stress and t1,,/0,,, of the shear
stress to the mean normal stress. The abscissa represents the ratio r/a of the
distance r from the center to the radius a. It is seen that the distribution of o,
tends to be averaged when the value E,/E, approaches 1 and the singularity
increases with an increase of the value E,/E,. It is also seen that the shear stress
1,, near the edge r/a = 1.0 increases with an increase of the value E,/E,. The
difference is not found among the distribution of o, in the cases where E,/E, is
40,60 and infinity, and neither is the distribution of t,. In this model for
analysis, adherends are assumed to be rigid when the value of E,/E, is more than
40. Since the stress singularity is caused near the point of r/a=1.0 at the
interface, each stress is shown within the region r/a = 0.99 in the figures.

Figure 4 shows the effect of Poisson’s ratio v,/v, of adherends to that of the
adhesive on the stress distributions o,, o, and t,, at the interface (z, = h,). The
variation of the distribution g, and the shear stress 7., decrease near the edge
r/a = 1.0 when the ratio of Poisson’s ratio v,/v, approaches 1.

Figure 5 shows the effect of the thickness of adhesive on the stress distributions
o,, g, and 1, at the interface (z,=h,). The height 2k, of adherends is held
constant and the value of h,/h, is varied as 5, 10, 20 and 100. Differences of the
distributions o, and t,, are not found between the cases where h,/h, is 20 and
100. The distribution of o, tends to be averaged and the shear stress t,, decreases
with an increase of h,/h,.

Figure 6 shows the effect of the load distribution F(r) on the stress distributions
g,, 0, and 1., at the interface. With the thickness of the adhesive held constant
and the value of h,/h, set at 5, computations were done in the cases where the
uniform load F(r) acts on the region (c/a)*=1.0 and the region (c/a)*=0.1.
There is a visible effect of the load distribution on the stress distribution o, but
very little effect on the distribution 7,,. Next, computations were done with the
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value of h,/h, set at 10. It was found that the effect of the load distribution was
very little on the distributions of o, and 7,,. From above results, it appears that
there is very little effect on the stress distributions when the value of h,/h,
becomes more than 10 in this model for analysis. Figure 7 shows the comparison
of the analytical results obtained by this study with the results obtained by
F.E.M.® with respect to the stress distributions on the adhesive. The results
obtained by F.E.M.% show the stresses at the centroid of the triangle elements.
Therefore, the stresses obtained by the analysis were compared with those
obtained by F.E.M. at z,/h,=0.92 and 0.17. Both resuits are in fairly good
agreement.

4 CONCLUSIONS

This paper deals with a three-dimensional stress analysis of adhesive butt joints,
in which two similar solid cylinders are joined by an adhesive and subjected to
external tensile loads. The following results were obtained.

1) Replacing adherends and an adhesive with finite solid cylinders, respec-
tively, a method of analysis of the stress distributions on joints is demonstrated as
a three-body contact problem using the three-dimensional theory of elasticity.

2) Based on the method 1), the effects of the ratio of Young’s modulus of
adherends to that of an adhesive, the ratio of Poisson’s ratios, the thickness of the
adhesive, and external load distributions, on the stress distributions at the
interface are clarified by numerical computations.

3) The analytical results obtained by the method mentioned in 1) are compared
with the results obtained by F.E.M. with respect to the stress distributions on an
adhesive. It is seen that they are in fairly good agreement.
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